A trijunction made of three topological semiconducting wires, each supporting a Majorana bound state at its two extremities, appears as one of the simplest geometry in order to perform braiding of Majorana fermions. By embedding the trijunction into a microwave cavity allows to study the intricate dynamics of the low-energy Majorana bound states (MBSs) coupled to the cavity electric field under a braiding operation. Extending a previous work (Phys. Rev. Lett. 2019, 122, 236803), the full time evolution of the density matrix of the low-energy states, including various relaxation channels, is computed both in the adiabatic regime, as well as within the Floquet formalism in the case of periodic driving. It turns out that in the stationary state the observables of the system depend on both the parity of the ground state and on the non-Abelian Berry phase acquired during braiding. The average photon number and the second order photon coherence function g (2) (0) are explicitly evaluated and reveal the accumulated non-Abelian Berry phase during the braiding process. :1909.12169v1 [cond-mat.mes-hall] 
INTRODUCTION
Majorana quasiparticles occur as zero energy excitations in topological superconductors. 1 They are presently the subject of an intense study (see e.g. Refs. [2] [3] [4] for reviews). Many platforms have been proposed theoretically and are currently experimentally studied. This includes semiconducting wires proximitized by a s-wave superconductor, [5] [6] [7] [8] [9] [10] [11] arrays of magnetic atoms on top of a superconducting substrate, 12 iron-based superconductors, 13 or in proximitized second order topological insulators. 14 Localized Majorana bound states (MBSs) manifest as a degenerate ground state in the spectrum of a topological superconductor. They are protected in energy by a gap and spatially separated by some macroscopic distance, which therefore renders them more immune against local perturbations. For example, a topological semiconducting wire hosts two MBSs, one at each extremity of the wire. The 2-fold degeneracy of the ground state encodes the fermion parity of the system i.e. the fermion occupation of the ground state. Such ground state degeneracy confer to to MBSs non-Abelian statistics under braiding operations. [15] [16] [17] [18] All these properties therefore make MBSs ideal candidates to realize topologically protected qubits. [19] [20] [21] Here, we consider the simplest geometry that realize braiding of MBSs: 22 it consists of a trijunction (also called Y-junction) as sketched in Fig. 1 made of three topological semiconducting wires embedded in a microwave cavity. Assuming all wires are in a topological phase, the maximum number of MBSs is six. However, due to the central overlap between the three wires, the low-energy degrees of freedom reduce to four MBSs (denoted γ j , j = 0 − 3 in Fig. 1 ). 18 These four MBSs a priori encode two fermionic states. For a given fixed parity of the system, the number of low-energy states is again halved and the low-energy sector of this system can there-fore be mapped to a spin 1/2 in an effective dynamical magnetic field which incorporates both the knobs of the wires but also the internal cavity field. 23 We have shown in a previous paper that both the parity of the ground state and the Berry phase associated with the braiding statistics are imprinted into the cavity electric field via a frequency shift. 23 By probing the microwave cavity by standard reflectometry, such shift can be measured by conventional dispersive readouts techniques. The present Berry phase coupling mechanism, which is due to the interplay of dynamics during the braiding protocol and the non-locality of the photonic field, works even when the lowest energy subspace spanned by the Majorana fermions is degenerate at all times. These effects are purely dynamical and do not have any static analogue.
In this paper, we go one step further and exploit the mapping between the low-energy Hamiltonian describing the set-up of Fig. 1 to a spin 1/2 in a time dependent magnetic field to calculate and analyze the full dynamics of the low-energy density matrix of the Y-junction during a braiding protocol in the presence of dissipation mechanisms. Using the Floquet-Markov approximation to describe the spin precession dynamics, we obtain a timedependent master equation for the reduced density matrix which allows to evaluate, in a realistic fashion, both the dynamics of the MBSs in the cavity and that of the cavity field itself. Two different approaches to compute the dynamics of the low-energy density matrix during a braiding bath in parameter space are used: either the adiabatic limit is considered, or the Floquet formalism in the case of periodic driving. Within both approaches and in the stationary limit, we show that photonic observables such as the photon number and the coherence function depend on the non-Abelian Berry phase and on parity of the system. The plan of the paper is as follows: In Sec. 2 we in- troduce the effective model Hamiltonian describing the dynamics of MBSs in a trijunction geometry coupled to a cavity field. Here, we also show how this model maps to that of a (slowly) precessing spin and eventually to a model similar to Rabi Hamiltonian (we coin this model Majorana-Rabi model). In Sec. 3 we discuss the dynamics of the combined system during the braiding and in the presence of dissipation. Specifically, we first discuss the adiabatic Master equation and calculate the first nonadiabatic corrections to the density matrix that allow us to extract various observables, such as the average number of photons in the cavity. We show that in leading order in the dynamics, the observables are dressed with the parity-dependent Berry phase contributions. Second, we address the braiding dynamics within a Floquet formalism in the presence of dissipation, and evaluate the average photon number in the stationary limit, and compare the two approaches. In Sec. 4, we discuss whether the cavity is able to discriminate MBSs from quasi-zero Andreev-states (which are giving similar signatures in transport experiments) during braiding operations and also provide some experimental considerations on the braiding frequency and other energy scales. Finally, in Sec. 5 we end up with some conclusions and outlook.
SYSTEM AND MODEL HAMILTONIAN
Our starting point is a Majorana Y junction made of three topological semiconducting wires. This constitutes a minimal setup in order to perform non-Abelian braiding of Majorana bound states. 16, 18, 24 We assume that this device is embedded into a microwave cavity, as depicted in Fig. 1 and couples to the cavity electromagnetic field. We assume that all three semiconducting wires consist of topological superconductors deep in the topological phase. They thus all host MBSs localized at their edges and protected in energy by a proximity induced superconducting gap ∆ ind . At energies much lower than ∆ ind , we can write a low-energy effective Hamiltonian which involves the six MBSs
where γ j (γ j ) stand for the inner (outer) MBSs in wire j = 1, 2, 3, t 12 , t 23 , t 31 are the coupling between the inner MBSs and E j are the coupling strengths between the MBSs within each wire. For example, the braiding could be implemented by controlling the tunneling matrix elements by affecting some fluxes acting on the split Josephson junctions at the trijunction position. 18 Note that although these phenomelogical parameters depend on the microscopic details characterizing the band structure of the semiconducting wires and also on external parameters, the form of H sys is general and universal.
Because the central MBS are in close proximity, they overlap. Defining E M = t 2 12 + t 2 23 + t 2 31 the overlap energy scale, we can therefore consider the limit E M E j for long wires. Only one linear combination of the γ j drops out from the Hamiltonian while the other two form a 2-dimensional subspace at energy ±(1/2)E M . At energy much smaller than E M , one can thus project H sys in the left 4-dimensional space to obtain: 18
where
E M . We model the microwave cavity by a single mode electric fieldÊ = E 0 (a † + a), with E 0 and a (a † ) being the vector amplitude of the electric field and the annihilation (creation) operator for photonic field in the cavity, respectively. Taking into account the electric dipole matrix elements between the cavity electric field and the wires 25, 26 together with the capacitive coupling between the wires and underlying superconducting cavity 27-29 , we can write an effective coupling between the cavity electric field and the four MBSs. It amounts to substitute B j → B j [1 + α j (a † + a)]. The coeficients α j depend on the detail microscopic Hamiltonians. We assumed the coupling between the MBSs and the photons to take into account the exponential coupling of the MBSs as in Refs. [23, 24, 30] . Physically, this means that far apart MBSs cannot be affected by the cavity field, by definition of being topologically protected. The low-energy effective Hamiltonian for the MBSs in the cavity thus reads in a compact form
with B, g and γ are 3-dimensional vectors with g j = B j α j . Because g ∦ B there is a dynamics triggered by the photonic field on the Majorana states when B(t) depends on time, which is the case when the MBSs are braided. In order to make progress with this Hamiltonian, we introduce usual fermionic operators written in terms of the MBSs ones as c 1 = (γ 1 −iγ 2 )/2 and c 2 = (γ 0 −iγ 3 )/2. This allows us to rewrite the Hamiltonian H Y in the ba-
In that purpose, it is first worth noticing that the pair of states {|00 , |11 } and {|01 , |10 } do not couple with each other as a consequence of the parity conservation in the system. It is therefore convenient to introduce the parity operator defined by τ z = γ 0 γ 1 γ 2 γ 3 which has two eigenvalues τ = ±. For a given parity, H Y takes the following very simple form (after a −π/2 rotation around the z−axis on the unit sphere):
and B tot (t) = B(t)+g(t)(a † +a). Due to the conservation of parity, the Hamiltonian H τ Y (t) acts in a 2-dimensional space which is embodied by the Pauli matrices σ x,y,z .
The Hamiltonian in Eq. (4) thus describes an effective spin 1/2 coupled to a cavity mode similar to the Rabi model. Thanks to this mapping, we can write the time-dependent evolution of the full density matrix of the system during a braiding operation. This is what we do in the next section.
DYNAMICS OF THE SYSTEM
By changing, in a time-dependent fashion, the parameters of the above Hamiltonian, one can effectively implement the braiding of two chosen (external) MBSs in the trijunction (the middle one acts as an ancilla MBS). The goal here is to analyze such dynamics in the presence of the cavity field monitoring the braiding, as well as in the presence of various relaxation channels. We address this issue in two fashions. First, we focus on the adiabatic limit, during the course of one adiabatic cycle and investigate that within the adiabatic master equation pertaining to the Majorana braiding. Second, we address the dynamics from a Floquet description, when the braiding is performed continuously in a time-periodic fashion. We will then compare the two approaches.
Adiabatic Master Equation
In the following, we assume that all manipulations are adiabatic with respect to the transitions between the lowenergy Hilbert space and the first excited states, i.e. that there are no real excitations outside the degenerate subspace. The system Hamiltonian can be supplemented by the coupling to the environment. Both the Majoranas and the photons are assumed to be coupled to their own environment. For example, the Majoranas are subject to the phonons in the material, while the cavity photons are coupled to the external photons in the transmission lines. The full Hamiltonian can be written as
with the second and third terms being the Hamiltonian of the environment and its coupling to the system, respectively. The dynamics of the total system density matrix is governed by the Liouville
The reduced density matrix for the system is obtained by partially tracing over the environmental degrees of freedom, ρ τ (t) = Tr e [ρ τ tot (t)]. We consider weak coupling to the environment and apply the standard Born and Markov approximations in the interaction picture, and subsequently trace over the bath degrees of freedom. Using the secular approximation and assuming that the environment does not change the parity of the system, we can express the master equation as follows (we set = 1 hereafter):
and where {·, ·} denotes the anticommutator. We also introduced
where E n (t) and |ψ τ n (t) are the instantaneous eigenvalues (independent of τ ) and eigenstates (dependent on τ ) of the Majorana-photon Hamiltonian, while A τ nm (t) = i ψ τ n (t)|ψ τ m (t) represents the gauge field associated with the dynamics. Note that the above expression is in the standard Lindblad form and therefore, at this order of the dynamics, the positivity of the density matrix is conserved during the time evolution. The rates Γ nm (t) are found from the Fermi's golden rule applied for the instantaneous eigenstates and eigenvalues:
with S e [ω] the spectral function of the equilibrium fluctuations in the environment (that depends on the particular bath considered). We focus on the stationary regime and thus requireρ τ = 0. In leading order in the dynamics, the diagonal terms follow the usual equilibrium distribution found from the detailed balance equation, and are independent of the parity τ , i.e. ρ τ,nm ≡ ρ nn . The offdiagonal terms instead depend solely on the dynamics and read:
and
with O 0 (t) = n ψ n,τ |O|ψ n,τ ρ nn being the instantaneous expectation value of the operator O. Let us call ∆O τ (t) ≡ O τ (t) − O 0 (t) the deviation from the "static" expectation value, pertaining only to the dynamics. We stress here that the density matrix itself can depend on the dynamics, and thus Berry phase contributions can occur in the diagonal terms too. However, the effects are of second order in dynamics, and in leading order we can safely assume the equilibrium distributions.
In order to find the evolution of a given operator O, we thus need to investigate the instantaneous Hamiltonian and associated eigenstates. In the following, we consider the dispersive limit |g(t)| |ω 0 − B(t)| ω 0 , B(t), and we can thus resort to the rotating wave approximation (RWA) as well as perturbation theory in the spin-photon coupling. That is best investigated by performing a unitary transformation U (t) that diagonalizes the bare spin Hamiltonian, and by keeping in the resulting terms only the RWA contributions. This means
is a unitary matrix built from the instantaneous spin eigenstates diagonalizing the bare Hamiltonian. They satisfy B τ (t) · σ|ψ τ σ (t) = σB(t)|ψ τ σ (t) . We write |ψ τ σ (t) = U † τ (t)|σ to simplify notations.
With this description at hand, we can now treat the resulting spin-photon coupling in perturbation theory.
Note that we can also writeg τ (t) = |g(t)| exp [iτ Φ(t)], with |g(t)| = g 2 x (t) +g 2 y (t) and Φ(t) = arctan [g y (t)/g x (t)], which implies the parity only enters in the phase. To further diagonalize this interaction, we perform yet another unitary transformatioñ U τ (t) = e −Sτ (t) = 1 − S τ (t) + . . . which, up to leading order ing τ (t), diagonalizes the full system Hamiltonian.
for the resulting diagonal Hamiltonian and
for the eigenstates. We stress that |g τ (t)| ≡ |g(t)| is independent of τ and thus the instantaneous Hamiltonian does not reveal the parity. We now evaluate the gauge field contribution to the effective Hamiltonian and find, up to second order in the coupling to the cavity A τ
nm (t), with:
where Φ B t ≡ (Φ − cos θφ) is the effective angular velocity. We only keep above the terms that shift the instantaneous eigenvalues, as well as the off-diagonal terms that correspond to transitions involving energies ±|ω 0 − B| (a spin flip with emission/absorbtion of a cavity photon). All the other terms are assumed small and thus negligible in the adiabatic limit considered here. For simplicity, we assumed that B(t) ≡ B (constant instantaneous splitting).
Next we use the above findings to evaluate various photonic observables, such as the average photon number n(t) and the second order coherence function at zero delay time g (2) (0). The latter is given as 31 :
with V n = n 2 − n 2 being the variance of the photon number in the cavity, and it quantifies the statistics of the photons emitted into the cavity. The photons can then be accessed in photon transmission or reflection measurements. We find for the average photon number in the cavity:
where we defined n 0 = k,σ ρ n,σ n as being the average number of photons in the absence of the coupling to the MBSs, and
is a function that can depend on temperature. The second and third terms in (18) account for the instantaneous and Berry phase contribution to the photon number, respectively. This expression fulfills the right limits. For example at zero temperature, the system density matrix is ρ kσ = δ k,0 δ σ,↓ , and the photons are totally decoupled from the Majorana dynamics. In order for the photonic state to get imprinted with the geometry of the spin trajectory the excited states (either spin or photon) need to be thus populated. In particular, let us focus on the contribution that depends on the parity in the above expression (labelled as ∆n τ (t) from here on). The average number of photons due to the braiding dynamics can be found by integrating over the time the braiding is performed, i.e. ∆n τ = (1/T ) T 0 dt ∆n τ (t) . Assuming, for simplicity, that the braiding is done at constant velocity, the average photon number in the cavity reads:
with N quantifying the number of times the phase Φ winds during the cycle, φ B denotes the geometric Berry phase on the spin Bloch sphere which, for our specific case is φ B = π/4. Also, |g| 2 av = (1/T ) T 0 dt|g(t)| 2 . Next we analyze the photon fluctuations, and in particular we evaluate the quantity V n (t) ≡ V n (t) − n(t) that enters the expression for g (2) (0). Let us now focus only on the contribution stemming from the dynamics, labelled ∆V n,τ (t), we get:
That in turn allows us to evaluate the contribution of the dynamics to the second order photon coherence function, written as g (2) (0) = g
τ (0), where the first and last term stand for the instantaneous and non-adiabatic contributions, respectively. For the latter, we obtain:
where g
0 is the photon second order coherence function in the absence of the coupling to the MBSs. Note that we can again evaluate the average of this quantity over one braiding period, in which case the dependence on the Berry phase is exactly the same as that found above for the photon number. We thus see that the statistics of the photons too is altered by the geometry and the parity of the MBSs trajectory during the braiding. While such effects are weak in the dispersive regime, they are expected to be more pronounced close to the resonance condition ω 0 ∼ B. Such regime is beyond the scope of the present paper, but it is an interesting question in the future.
Finally, let us also evaluate the spin expectation value, in particular along the instantaneous magnetic field direction. In leading order in the dynamics, we get
which is a consequence of the conservation of the C z = a † a + σ z within the RWA, while the transverse components vanish at this order. Eqs. (20) , (23) , and (24) that show that the average number of photons, the second order coherence function, and the spin expectation value are in direct correspondence with the braiding Berry phase φ B and the parity τ in the adiabatic regime represent the main results of this section.
In order to probe the MBSs and their dynamics, one can access the cavity itself and record the response. We thus add an extra term into the total Hamiltonian that accounts for the cavity driving, H d = a −iω d t + h.c., with and ω d being the amplitude and the frequency of the driving field. Such driving can be performed by sending a coherent states onto the cavity through the input ports. That results in adding an extra term ∆ρ nm = i ψ τ n |[H d (t), ρ]|ψ τ m , in the density matrix evolution and then calculate the response. We leave such a discussion for a future study.
Let us now qualitatively explain why the microwave photons are sensitive to the Berry phase accumulated by the effective spin during a braiding protocol. The coupling between the photons and the Majorana zero modes is encapsulated in the term g ·σ(a † +a). When the MBSs are braided, this amounts the effective spin to follow a trajectory on the Bloch unit sphere which corresponds to an octant. 22 Such trajectory in parameter space directly imprints the photon field via non-adiabatic corrections. In every braiding operation, thus in every close octant trajetory, the system acquires an extra Berry phase φ B = π/4. If the braiding operation is repeatedly done at some driving frequency Ω, the extra accumulated phase over a time period T = 1/Ω is φ B which has the effect of a phase shift exp(iφ B ΩT ) in the dynamics. Equivalently, such Berry phase shift shows up as a frequency or energy shift ∝ Ωφ B . The Berry phase thus becomes thus measurable spectroscopically (i.e. by a frequency shift which can be detected by standard dispersive readout techniques) by repeating the braiding operation many times with a frequency Ω = 1/T . 23 We can actually provide more substance to this picture by developing a Floquet description of the dynamics. This is what we do next.
Floquet description of the dynamics
Here we briefly describe the braiding as a periodic process and make use of the Floquet formalism. That will also allow us to calculate, among other things, the stationary number of photons in the cavity and the resulting photon statistics. The trijunction Hamiltonian satisfies
, and thus the general solution of the time-dependent Schrodinger equation reads |ψ τ n (t) = e −i τ,nt |Ψ τ n (t) , with τ,n being the quasienergy of the Floquet state n with parity τ (as opposed to the adiabatic case, here τ,n depends on parity as it contains intrinsically the Berry phase) and |Ψ τ n (t + T ) = |Ψ τ n (t) being the corresponding (periodic) Floquet state. The evolution operator can also be readily expressed in terms of the same quantities as U Y,τ (t) = n e −i n,τ t |Ψ τ n (t) Ψ τ n (0)|. Next we define ∆ τ nm (k) = τ,n − τ,m + τ kΩ and follow closely the derivations in Ref. [32] . Using the Floquet description and within the Markov and secular approximations, we can write the evolution of the system density matrix (in the interaction picture) as follows:
with P τ,nm defined in Eq. (6) and
where H τ,nm int (k) = ∞ −∞ dte −ikΩt Ψ τ n (t)|H int |Ψ τ m (t) . It is convenient to express the matrix elements of the density matrix in the Floquet basis, ρ τ,nm (t) = Ψ τ n (0)|ρ(t)|Ψ τ m (0) , which in the stationary limit obeys:
and ρ τ,nm (t) = 0, for n = m, i.e. the off-diagonal matrix elements of the density matrix in the Floquet basis are zero. We mention here that the k = 0 terms in the above expressions quantify the static contributions, in the absence of the driving of the MBSs, while all k = 0 amount for exchange of a kΩ energy exchange with the driving field. The diagonal part of the density matrix can be found explicitly from the above Floquet rate equation and for a specific environment. We will not proceed with such a calculation here, but just mention in passing that since it depends on the Floquet states, it eventually contains both the parity and the Berry phases of the Majorana trajectory. Nevertheless, in the case of slow driving, they correspond to the equilibrium thermal distribution. An observable O (such as the number of photons in the cavity and the spin expectation value) can be evaluated in the stationary Floquet state as O(t) = p Ψ τ p (t)|O|Ψ τ p (t) ρ τ pp . In order to find the Floquet states of the combined system one needs to proceed numerically. However, if we restrict now to the dispersive regime, in which case the cavity is detuned from the Floquet energies associated with the Majorana dynamics, we can treat the problem perturbatively. For that, let us express the Schrodinger equation as H τ Y (t)|Ψ τ n (t) = τ,n |Ψ τ n (t) , with H τ Y (t) = H τ Y (t)−i∂/∂t, and define the unitary transformationŨ τ (t) = e −Sτ (t) , with S τ (t) chosen so that it diagonalizes the H τ Y (t) in leading order in the Majorana-photon coupling. Keeping only the rotating terms (therefore using a generalized RWA for the Floquet case), we obtain:
with Σ τ nm (t) ≡ |Ψ τ 0,n (t) Ψ τ 0,m (t)| and g q τ,nm = dte −iqΩt Ψ 0,n (t)|g(t)·σ|Ψ 0,m (t) , where |Ψ τ 0,n (t) is the n−th bare Floquet state in the absence of the coupling to the cavity. Also, sign(∆ τ nm (q)) selects only the rotating terms in the expression for S τ (t). Note that for k = q = 0 the transformation S τ (t) ≡ S τ reduces to that found in the static (adiabatic) case. To summarize the effects of the above transformation, we found that a mixed Majorana-photon Floquet state |Ψ τ n (t) can be written as:
|Ψ τ n (t) = e Sτ (t) |Ψ τ 0,n (t) ⊗ |m ≈ [1 + S τ (t) + S 2 τ (t)/2]|Ψ τ 0,n (t) ⊗ |m , (30) where on the right side |m quantifies the photonic state with m photons, whileñ labels the final Majorana-photon Floquet state. We now assume slow dynamics and low temperature compared to the level splittings, so that ρ τ,pp follows the static thermal distribution, and it is thus independent on the parity τ . As examples, let us calculate again the average value of the number of photons in the cavity n(t) ≡ a † a and the variance V n (t) = n 2 (t) − n(t) 2 − n(t) , focusing only on the contributions due to the coupling to the dynamical MBSs (disregarding the bare photon number/bare variance). For that, let us assume ∆ τ +− (q) ≡ ∆ τ 0 (q) > 0 and write ρ nn ≡ ρ n,σ , with n and σ quantifying the photons and the Floquet index, respectively. We find
for the Majorana-induced change in the photon number where F has been defined in Eq. (19) . For the deviation of the variance V n,τ (t), we obtain:
where G has been defined in Eq. (22) . We mention that the Floquet quasi-energy can be written as τ,n =¯ τ,n − φ τ n,G /T , wherē τ,n = (1/T ) T 0 dt Ψ τ 0,n (t)|H Y (t)|Ψ τ 0,n and φ τ n,G = i T 0 dt Ψ τ 0,n (t)|∂ t |Ψ τ 0,n are the average Floquet energy and the geometrical (non adiabatic in general) phase, respectively. In the adiabatic limit,¯ τ,n becomes the good instantaneous eigenstate of the system, while φ τ n,G → φ τ n,B , i.e. the Berry phase associated with the adiabatic motion. Once again, we can evaluate the average number of photons in the cavity over one period, n τ = (1/T ) t 0 dt n τ (t) , and retaining only the terms that are linear in Ω (geometric in origin) we obtain:
where φ B is the braiding geometric phase. This expression has the same form as the one found in Eq. (20) . The first term accounts for the winding of the phase of the complex Majorana-photon coupling, while the second one pertains to the bare Berry phase associated with the Majorana braiding. The very same conclusions apply to g (2) (0), which affect the statistics of the photons. Note, however, that in the Floquet description resonances can drastically enhance the number of photons in the cavity which be strongly be affected by the Berry phases, as they move the levels on or off resonance. Such a regime is beyond the scope of our work.
DISCUSSION

Majorana versus Andreev bound states
Since the first transport experiments on topological semiconducting wires which found signatures of Majorana bound states in transport quantities, they have been a nagging question whether the observed robust zerobiased peaks might as well be interpreted as near-zero energy Andreev bound states (ABSs). It is thus important to address the question whether the dynamics can differentiate between MBSs and near-zero ABSs during a braiding scheme, as well as its detection within our cavity QED scheme. We thus alter our trijunction by assuming one of the wires (the wire 3) is hosting a local near-zero ABS at the junction, instead of two separated Majorana modes at its two extremities. The goal is then to exchange the two external MBSs hosted in the other two wires following the same braiding steps as before. The ABS is assumed to be split by an energy U 3 which we may suppose is subject to the same degree of control as for the topological regions. The two MBSs at the junction in the topological wires will couple equally to the ABS. In the limit of strong tunneling at the junction, and assuming zero splittings for the MBSs, as well as for the ABS, the low-energy Hamiltonian now reads:
where c A (c † A ) are the annihilation (creation) operator for the Andreev state, t j3 the coupling between the inner MBSs and the ABS, while φ 1,2 are angles that quantify the phase of the couplings (φ 1 = φ 2 in general). Physically, e iφj c † A + h.c. ≡ γ 3 defines a Majorana fermion (the partner Majorana is γ 3 = i(e iφj c † A − h.c.)). For φ 1 = φ 2 the situation reduces to the previous case. However, generally φ 1 = φ 2 , and the coupling between the inner MBSs γ 1,2 and the ABS is not symmetric anymore which, as we show in the following, affects the braiding. We assume a small asymmetry, or δφ = φ 2 − φ 1 1, and treat the resulting contribution in perturbation theory along with the intra-wires splittings. The resulting 4-MBSs' Hamiltonian then has the same form as in Eq. (2), with the only difference being that B 3 = B 3 + δB 3 , with δB 3 = δφ t 2 13 /E M . The last contribution stems from the anisotropic coupling to the ABS and vanishes for the case of separated Majoranas. To keep the discussion simple, we assume that during the braiding steps this term remains constant, in which case the Berry phase accumulated by the ground state becomes:
with cos Θ = δB 3 / ∆ 2 1 + ∆ 2 2 + δB 2 3 . We note that the spectrum is at all times degenerate in this picture, and thus no conclusion can be drawn from a spectral analysis. However, the above geometrical phase will be imprinted into the photonic field through the mechanism discussed before, and it is no longer universal for the ABS case. That could serve to differentiate between the two situations, Majorana vs. Andreev: in the former, the Berry phase imprinted is always τ π/4, while in the latter it is non universal and it can vary between different runs or experiments.
Finally, let us mention the simpler and maybe more generic case which occurs when all effectively couplings are non zero. This leads to a direct coupling between the neighboring MBSs at the Y-junction tip. In this case, the ground state degeneracy is split and the two states acquire different dynamical phases in addition to the path dependent Berry phase contribution. The cavity is able to measure and distinguish these dynamical phases which are also non universal.
Experimental considerations
In order to operate the braiding protocol, the lowenergy Majorana states shall remain isolated in energy from quasi-particles states which are inside the proximity induced gap (we demand E M E J ). At an experimental level, one may for example use epitaxially grown InSb nanowires with epitaxial Al on two of its six facets (see. Ref. 11 for a recent review and refs therein). For these wires, the induced superconducting pairing gap ∆ ind is about the superconducting gap, namely ∆ ind ∼ ∆ ∼ O(0.2meV ). Estimating E M as a fraction of the gap, E M ∼ κ∆ with κ 1, this puts an upper limit on E J . For a wire of typical length L ∼ 2µm, if E J is controlled by the overlap of the Majorana wave functions, we can estimate E J ∼ O(0.01meV ) 28 for a not too large magnetic field (as E J increases with the magnetic field). Although the condition E M E J may still be satisfied, it might be desirable to have a better tuning over the energy scale E J . Another mechanism based on exchange of Majorana fermions in a network of superconducting nanowires controlled by Coulomb interactions rather than tunneling has been proposed. 18 This would offer an extra knob to control E J and eventually to make it smaller. In order to adiabatically operate the braiding, one demands Ω E J which implies Ω O(100)MHz. Note that this is still much faster than the estimated quasiparticle poisoning which has recently been measured over 10ms. 11, 33 
CONCLUSION
In conclusion, we studied theoretically the dynamics of Majorana fermions in a Y-junction geometry coupled to a cavity and in the presence of dissipation. We investigated the stationary density matrix both in the adiabatic regime for the dynamics, as well as the case of periodic driving within the Floquet formalism. We consistently showed, within the two approaches, that the geometry of the trajectory as well as the parity of the ground state affect various light observables, such as the photon number in the cavity and the second order coherence function, which can be extracted from experiments by standard dispersive readouts techniques. We also discussed the situation in which one of the wire is supporting a nearzero energy ABS at the junction instead of a Majorana bound state and found that the Berry phase measured by the cavity is generically non-universal. Finally, we also provided some estimation on the different energy scales coming into play which imposes constraints on the braiding frequency for experiments. In future studies, it would be interesting to go beyond the mean photon number and also address the (full-)statistics of the photons emitted in the cavity. It would be also very interesting to address the dynamics of the Majorana-Rabi model in the presence of non-classical states of light in the cavity (e. g. squeezed states or Fock states). Another obvious direction to pursue is to go beyond the weak light-matter interaction and analyze whether it would be possible to control the braiding process with light.
